BIORTHOGONAL SYSTEMS IN BANACH SPACES
MICHAEL A. COCO

ABSTRACT. We give biorthogonal system characterizations of Banach
spaces that fail the Dunford-Pettis property, contain an isomorphic copy
of cg, or fail the hereditary Dunford-Pettis property. We combine this
with previous results to show that each infinite dimensional Banach
space has one of three types of biorthogonal systems.

1. INTRODUCTION

When we first encounter an arbitrary Banach space, we usually search
for some kind of fundamental structure in the space to make our under-
standing of it more complete. Very often, if a space has (or fails) a certain
property, we can find a fundamental structure within the space that re-
flects the property (or failure thereof). Of course, in this case, we would
like to find a strong structure, like a Schauder basis or finite dimensional
decomposition (FDD), in the space. However, this is not always possible,
as even a separable Banach space need not contain a Schauder basis [8].
For this reason it is interesting to consider weaker structures than FDD’s
and Schauder bases which exist in every separable Banach space and try to
prove that a separable Banach space has a certain property if and only if
there is structure in the space which reflects the property.

One useful basis-like structure that has been considered for a long time is
that of fundamental total biorthogonal system. Markushevich [11] showed
in 1943 that each separable Banach space contains a fundamental total
biorthogonal system. The main theorems of this paper give a biorthogonal
system characterization of spaces failing the Dunford-Pettis property and
spaces containing an isomorphic copy of ¢g. Combining this with work
already done in the field yields a theorem about the existence of biorthogonal

systems in any given infinite dimensional Banach space.
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2. NOTATION AND MOTIVATION

Throughout this paper, X denotes an arbitrary (infinite-dimensional
real) Banach space. If X is a Banach space, then X* is its topological
dual space, B(X) is its (closed) unit ball, and S(X) is its unit sphere. If X
is a subset of X, then sp{X} is the linear span of X while [X] is the closed
linear span of X. The Kronecker delta 9,,, takes the value 1 when n = m

and 0 when n # m.

Definition 2.1. For a subset X of X and a subset Z of X*:
(1) the annihilator of X is X+ = {z* € X*: 2*(x) = 0 for all z € X},
(2) the preannihilator of Z is Z7 = {x € X : x*(x) = 0 for all 2* € Z},
(3) X is fundamental if [X] = X, or, equivalently, X+ = {0},
(4) Z is total if the weak*-closure of sp{Z} is X*, or, equivalently,
77 = {0},
(5) for a fixed 7 > 1, Z 7-norms X (or X is 7-normed by Z) if
ol < 7 sup 20
cenfor |12l
for each x € X,
(6) Z norms X if Z 1-norms X.

It is easy to see that if Z 7-norms X for a 7 > 1 then Z is total.

Definition 2.2. A system {z,, 2}~ in X x Zis
(1) a biorthogonal system if z%(x,,) = Opm,
(2) M-bounded if {z,} and {z}} are bounded and
sup, llzall llzgll < M,
(3) bounded if it is M-bounded for some (finite) M,
(4) fundamental if {x,} is fundamental,
(5) total if {x}} is total.

A sequence {z,}5°, in a Banach space X is called semi-normalized if
there are constants 0 < a < # < oo such that a < |z,]| < § for each
n € N. Recall that {z,}°, is a basic sequence if each z,, is non-zero and

there exists a finite constant K > 0 such that

m n
> > a
j=1 j=1

for all choices {a;}jen and any integers m < n. When this is the case,

the smallest K for which (2.1) holds is called the basis constant of {x,}°2
2
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and there exists a biorthogonal system {z,, z:} in X x X* such that

o < 25

Operators between Banach spaces are assumed to be bounded and linear.

All notation and terminology, not otherwise explained, are as in [4] or [10].
Our motivation begins with the following structure theorem of E. Odell

[12]:

Theorem 2.3. FEvery infinite dimensional Banach space contains a sub-
space isomorphic to ¢y, a subspace isomorphic to {1 or a subspace that fails

the Dunford-Pettis property.

Our goal is to find a biorthogonal system version of this theorem in which the
conditions imposed on the biorthogonal systems directly reflect the property
they characterize. Luckily, some of the work, the ¢, case, has already been
done for us. In fact, our results are inspired by this previous work. In
2000, S.J. Dilworth, M. Girardi, and W.B. Johnson characterized spaces

containing isomorphic copies of ¢ using biorthogonal systems.

Theorem 2.4. [7] The following statements are equivalent.

(1) 4 — X.

(2) There is a bounded wcy-stable biorthogonal system in X x X*.
And in the case that X is separable:

(3) There is a bounded fundamental total wcg-stable biorthogonal system
{zn, x5} in X x X*.
Furthermore for each ¢ > 0: if (2) holds then the system can be taken to be
(1+4¢)-bounded; if (3) holds then the system can be taken to be [(14+/2)+¢]-
bounded and so that [x}] (2 + €)-norms X.

Recall that {z,, z:} is a wci-stable biorthogonal system if, for each
isomorphic embedding 7" of X into some Y, there exists a lifting {y; } of {z} }
(i.e., T*y: = x* for each n) such that {y’} is a semi-normalized weakly-
null sequence in Y* (or equivalently, such that {Tz,, ¥} in Y x Y*isa
wcj-biorthogonal system).

They also characterized Banach spaces that have Schur property (i.e. weak
and strong sequential convergence in X coincide) via Biorthogonal systems.
In the next section we will discuss the Dunford-Pettis property. Recall that
the Schur property is related to the Dunford-Pettis property and embed-

dings of ¢; in the following way: (cf. [5, p. 23]) X* fails the Schur property
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if and only if X fails the Dunford-Pettis property or ¢; — X. This fact
provides a link between the above results and the results of the next section

that characterize failure of the Dunford-Pettis Property.

3. SPACES FAILING THE DUNFORD-PETTIS PROPERTY

Recall that a Banach space X has the Dunford-Pettis property (DP) if
whenever {x,}, C X and {z}}, C X* are weakly null sequences, we have
limy, o0 ) (z,,) = 0. We refer the reader to the excellent survey article [5]
for a complete treatment of all things Dunford-Pettis. Further results and
additional open questions can be found in [2].

Now suppose X is a Banach space that fails the Dunford-Pettis property.
Then there exists a weakly null sequence {wy}, .y in X and a weakly null
sequence {wy}, oy in X* such that limy_.. [wi (wi)| # 0. We may assume,
without loss of generality, that there exists ¢ > 0 such that wj(wy) > 6 for
each k € N. If this is not the case we can pass to a suitable subsequence
and adjust signs. Now {wy}, . and {wj}, . are semi-normalized so we may
renormalize if necessary to get that for each k € N:

(1) wy, € 5(X),

(2) wi (we) =1,

(3) 1 < ||Jwi|| < M for some constant M.

This leads to the following definition.

Definition 3.1. Let M > 1. X fails the M -Dunford-Pettis property pro-
vided there is a weakly null sequence {wy}y from S(X) and a weakly null

sequence {wj }x from X* such that w} (wy) =1 and 1 < ||wj|| < M for each
ke N.

Note that clearly X fails M-DP for some M if and only if X fails DP.
We only bother to define it here to make the statement of Theorem 3.3 a

bit clearer.

Definition 3.2. A biorthogonal system {x,, z}} in X x X* is called a
DP-biorthogonal system if {x,} and {z}} are semi-normalized weakly-null

sequernces.

Theorem 3.3. The following statements are equivalent.

(1) X fails the Dunford-Pettis property.

(2) There is a bounded DP-biorthogonal system in X x X*.
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And in the case that X is separable:

(3) There is a bounded fundamental total DP-biorthogonal system
{zn, 25} in X x X"
Furthermore, for an X failing the M -Dunford-Pettis property, for each € >
0: if (2) holds then the system can be taken to be (M + ¢)-bounded; if (3)
holds then the system can be taken to be [M(1 4+ \/2)? + €]-bounded and so

that [xf] norms X.

It is clear that (2) implies (1) as well as (3) implies (1). That (1) implies
(2) follows from Theorem 3.5. That (1) implies (3) in the separable case
follows from Theorem 3.8.

The following well-known basic fact will be used.

Fact 3.4. Let X be a finite codimensional subspace of X and {x,}

weakly null sequence in X. Then

neN be a

d(zp, Xo) == x(l,relafeo |Zn — zol] —— 0.

Thus, if {x,}, is semi-normalized and € > 0, there exists n. and T,, € Xy

with ||n, = T || < & and [z, || = |70

We can now give a quantitative proof that (1) implies (2) in Theorem
3.3.

Theorem 3.5. Let X fail the M -Dunford-Pettis property and € > 0. Then
there is a biorthogonal system {x,, z:} >~ in X x X* such that:

(1) {x, )2, and {z:} 7, are weakly null

(2) ||znl| =1 for eachn € N

(3) 1< ||lzk|| < M + ¢ for eachn € N

(4)

[o'e) . .
4) {z,},_, is a basic sequence.

Proof. Since X fails the M-Dunford-Pettis property there exist sequences
{wiren and {wj}, oy as in Definition 3.1. Without loss of generality (pass
to a subsequence) {wy }ren is a basic sequence.

Let {e,},cy be a decreasing sequence of positive numbers with &; <
s and > nenén < 5 where K is the basis constant of {wg}, . We
will construct a system {z,, :B;';}Zozl in X x X* and an increasing sequence
{kn}n>1 of integers such that

(a) {x,, x:} 7, is biorthogonal

(b) |lzn]| =1 for eachn € N



for each n € N

() 1< Jlazll <
() ||z — wp, |
(e) | |

Conditions (d) and (e) will give us (1): for z* € X*

NS

1—2ep,

for each n € N

€n+12§47€5’; for each n € N.

S

<
<

* *
T, — wkn

2" ()| < [l |2n = wh, | + |27 (wp, )| = O

so {x, }, is weakly null and simlilarly for {x}},,.

Condition (c) gives us (3):

M M
1< || < < =M +e.

AN

Condition (d) gives us (4): we have

zn: |wk, — || < En:en < %

Then {z,}, is basic (and equivalent to {w,, }«).
Now we construct {x,, =%} -, by induction. To start, let k; = 1 and

_ * * : . *
r1 = w; and 27 = w]. Fix n > 1 and assume that a system {:L‘j, T }j<n,

along with a sequence {k;};<,, have been constructed to satisfy the above

conditions. Let

«1 T 4
X, = [Ij]j<n and 2, = [2;]5_, -
Using Fact 3.4, find £, > k,,—; and z, € X,, and 2} € Z, so that
d(w, %) < o, —eall < 35 and d(wi, 2,) < Jui, - =] < e
with
loall =1 and 1< |z < M.

Note that

|2 (@n) = wi, (w)| = |20 (20— wr,) — (wi, = 21) (W, )|

En
< M — n:2n7
M+5 3

and so 1 — 2, < 2 (x,) < 1+ 2¢,. Let




Thus conditions (a) and (c) hold. As for condition (e):

V4
[, = wi, || < llwg, =zl + 2 = 7=l

Z:L<xn)
1
ot oyl — 1lle)
2e,
<e, M.
St 1T

The construction of fundamental total biorthogonal systems in the proofs
of (1) implies (3) in Theorem 3.3 and Theorem 4.6 use the Haar matrices,

which are summarized below.

Remark 3.6. Fix m > 0 and consider the 2™-dimensional Hilbert space 3,

2m
=1

The Haar basis {h;”}?:l of /2™ can be described as follows. For 0 < n <

mand 1 <k < 2" let

along with its unit vector basis {ejz

I ={jeN:2""(k—1) < j < 2" "k} .
Thus
n={12,..,2m"}
I'={12,...,2"" and I/ ={1+2"" ... 2"} .
In general, the collection {I1'}2", of sets along the n't-level (disjointly) par-

titions the set {1,2,...,2™} into 2" sets, each containing 2™~ consecutive
integers, and I} is the disjoint union I = I;:™, U I, Now let
T
jerp

and, for 0 <n <m and 1 <k <27, let A3, be supported on I} as

m . n_m E 2 E : 2

. +1 . +1
]€I§k71 ]EI;,C

Note that {h7'}3", forms an orthonormal basis for £3".
Let H,, = (ag?) be the 2™ x 2™ Haar matrix that transforms the unit
vector basis of /2" onto the Haar basis; thus, the j*" column vector of H,,

is just A7 and so H,, is a unitary matrix. For example, for m = 2 we have

21 49o-1 4o-1/2 0
g |22t 220
27 2t =27t 0 42712

-1 _9o-1 0 —9-1/2



Now if {zj, z’-‘}?: is a biorthogonal sequence in X x X* and {z;, x;‘}fZI

i =
is such that

2 1 27 x]
H,, : = : and H,, : = : )
Zom Tom Z;m x;m
then
277L 2771
T = E a;; 2 and x; = E a2 -
j=1 j=1

It is not hard to see that since H,, is a unitary matrix,
(1) 2 (z;) = b
(2) [#iy = [35]5,
(8) =10 = (]2
Note that, for each 1 <7 < 2™,
(4) aff =27"/7

and

(5) X7
It follows that
6) llzill < 272 laaf] + (14 v2) maxicjcom |||
(@) el < 27211+ (14 V2) maxi g |25
(8) for each z* € X*
2 (z:)] < 272" (z0)] + (14 V2) maxicjcom 2% ()]
(9) for each z** € X**
|z (27)] < 272z (2])] + (1+ v2) maxicjcom [ (2])

a?l = (1+v?2) (1—2%) moe /142,

ij

The following notation will (hopefully) simplify the proofs of Theorem 3.8
and Theorem 4.9.

Definition 3.7. A sequence {J;}2, of subsets of N is a blocking of N if N
is the disjoint union U2 ,.J; and
max Ji < min Ji4q

for each k € N. Given a blocking {J;}72, of N, let Jy = () and

Jy o= U J , J? = Ji \ {the first element in J;}
0<j<k

= Jr . N=5
0<j<k k=1



for each k € N. Pictorially one has:

Jr—1 Ji Jk+1 Jkt2
—eo0— 0@ ee—— oo e
IR JR TR Jit2
—eO0 ' o) ®0 e 0 ° o
'4
I,
—eo o0 °
P
Jrt1
— oo o0 °
4
T2
—eoe@ X (X ) °
po
I
—e o0 °
po
i1
—eoO e 0 °
po
g2
—eO0 ' Yo) o) °

It follows from the next theorem that (1) implies (3) for separable X in
Theorem 3.3.

Theorem 3.8. Let X fail the M-Dunford-Pettis property and € > 0. If
{an, Ui} on © X X X*. then there exists a [M(1 + v/2)? + €]-bounded
DP-biorthogonal system {x,, x}} in X x X* such that |a,], .y C [24]

and [b] ey C [27]

neN

neN-

Proof. Without loss of generality, [a,|nen and [b)],en are each infinite di-
mensional. Since X fails the M-Dunford-Pettis property, by Theorem 3.5,
there is a biorthogonal system {w,, w} in X x X* with both {w,}, and
{wy }n weakly null, [|w,| = 1, and 1 < [|wi]| < M +¢e. Fix a sequence
{61}72, of positive numbers decreasing to zero with 6; < % and
M +¢
(1+2e)M

It suffices to find a system {z,, x}} -, in X x X* along with (following

< 1-26 . (3.2)

the terminology in Definition 3.7) a blocking {J;}?2; of N and an increasing
sequence {i, }nene from N satisfying
(1) 2 (@n) = dmn
(2) lloall < (1+V2) +e
3) [lzz]l < (1+2e) M (1+V2) +¢
(4) for each z* € S (X*), if n € Jj, then
o )l € k(1 VE) masye (o ()] +30)



(5) for each z™* € S (X*), if n € Jj then

|z (27)] < O (ﬁ%gﬁ) + (1+ v2) maxje o
(6) [anlyZy C [zn]oi,
(7) [br)azy C [0

n=1

T <w;*_>‘
J

The construction will inductively produce blocks {z,, z)},c; - Let o
and x{ be the zero vectors. Fix k > 1. Assume that {J;}o<j< along with
{2, 5},c sp and {in}tnesre have been constructed to satisfy conditions (1)
through (5). Now to construct J; along with {z,, 2}, o, and {in}nesp.

Let

Pr = [x*]T and Qi = [xn]L

nlneJy neJy
and
ny, = max.J; .
The idea is to find a biorthogonal system {z,, 2;},c; in Pr x Qy by first
finding just one pair {211n,, 2], } Which helps guarantee condition (6) if
k is odd and condition (7) if & even; however, {z14n,, 2], } Would not

necessarily satisfy conditions (2) through (5) and so Jg and

{Zna Z:}ner s
and {i, }ne Jo are constructed and then the appropriate Haar matrix is ap-
plied to {z,, z:}

nes, t0 produce {z,, z,.},c, so that

{xn’ $Z}neJ}§ UJg

with {iy }nerouso satisfy conditions (1) through (5).
{ank, 2] +nk} is constructed by a standard Gram-Schmidt biorthogonal
procedure. If k is odd, start in X. Let

hi, = min{h: a; & [ajn]ngnk} .

Set

Rl+n, = Qpy — Z I:L(ahk)xn7

n<ng

and for any 7, in X* such that yi,, (214n,) # 0,

* ¢ *
% y1+nk - annk y1+nk (l’n)ﬂin
Hym = .

yf—i—nk (Zl+nk)

If k is even, start in X*. Let

hi = min {h: b} ¢ [:v;]ngnk} .
10



Set

Zl-i-nk - bhk - bhk(xn)xn7

n<ny

and, for any yy4,, in X such that 27, (y14n,) 7 0,

y1+nk - annk m;(yl“rnk)xn

Zl—I—nk -

Clearly z{,,, (?14n,) = 1 and
Zi4n, € Pr and Ziin, € Qi -

Find a natural number my larger than one so that

2_mk/2 maX( ||Zl+nk|| ) |Zf+nk|| ) < min( € O )
and let
Je={1+ng,...,2™ +n,} andso J:={2+ng,...,2" +n} .
Let
~ " T ~ 1
Pr = Pu0[2l4n,] and Q= QN [214n,]

The next step is to find a biorthogonal system {z,, z:},. g along with

{in}ner satisfying

{20, 2} eS(ﬁk) x (1+¢) M)B<ék> (3.3)
and
M
l|ws,, — znll < O and |w; =z < o + Wi (M+e) (3.4)
" 1— 26,

for each n € J;. Towards this, fix j € J? and assume that a biorthogonal
system

{2n, Z:}2+nk<n<j
along with {i,}24n,<n<; have been constructed so that conditions (3.3)
and (3.4) hold for 2 +ny < n < j. Let

_ T 3 L
%j = PrN [Zn]2+nk<n<j and yj = QN [Zn]2+”k<”<j '

Then by Fact 3.4 there exists a natural number ¢; > 7;_; along with z; € X;
and E;‘ € Y; such that

5k * * %
d(wi;, Xj) < sz‘j—Z]‘H < M+ = and d(wiJ-?yj) < Hwij_zj < O,
and
Iz =1 and 1 < |7 < M+e.

11



Note that z7(z;) need not be equal to 1 but it is close to 1 since

31 (2) — wi )| = [5() = (i, = ) (ws) — Z o)

=k *

Zi (2 — wy;) — (w;, — Z7) (wiy)

» L (3.5)
< B Il = i | + s, = 35|l |
J
< (M+8)Mig+5k = 26,
and so 1 — 20, < 27(z;) < 1+ 20;. Let
5
£ z;(25)

so that 25(z;) = 1. Now z; € S<75k> and 1 < ||z7|| < 45 and so

1—26;
2t € (1+2:) MB (Qk> by (3.2). Note that by (3.5)

Jwi = =]| < Jor -2] + 15 -2
- 1 20,
< o+ ||F 1——2;(2]) < O+ (1+5)M1_25k.

This completes the inductive construction of {z,, z;},.c sp and {intnese

Now apply the Haar matrix to {z,, 2} to produce {z,, z}}

neJy nedg’

With help from the observations in Remark 3.6, note that {z,, x,},., is

biorthogonal and is in P, x Qj. Furthermore, for each n in Jg,

oall < 2772 Jlzpan | + (1+v2) max 2]
JEJY

< e+ <1+x/§>

and

lepll < 27/ |

z}‘+nkH + (1 + \/§> max

jeJ?

2l
<e+ (1+5)M(1+\/§>.
If 2% € S (X*)
o (@)l < 27 ol + (14 V2) maxe” ()
< 0+ <1+\/§>1;%2}%<( |z (wi,)| + 0 )

and for each z** € S (X**)

2 @)l < 27 |z, |+ (14 V) max 2 (5)
JeJyg
20, (1 +2e) M
< o+ (v max (o (wp)] + 0 + 2022
jET? i 1 — 26,

12



and this simplifies to give us (5). Thus

{l’n, x:;}nEJIS UJg

with {i, }nerouso satisfy conditions (1) through (5). If k is odd, then

[ah]hghk C [wﬂ?zl‘f‘nk]nejlf C [xn]neji’ujk )

while if k is even, then

[b;kl}hghk - [$Z7Zik+nk:|neji’ C [x;]nGJEUJk :
Clearly the constructed system {z,, x}} -, with the blocking {.J;}2,

of N and the increasing sequence {iy}nene from N satisfy conditions (1)
through (7). [ |

4. SPACES CONTAINING c¢g

To motivate the biorthogonal system characterization of spaces contain-
ing ¢y we recall some well-known facts about such spaces. We will see that
¢o subspaces of X correspond essentially to weakly unconditionally Cauchy

series in X so we briefly recall some essential facts about such series.

Definition 4.1. A series ), is called weakly unconditionally Cauchy
(wuC) if given any permutation 7 of N, the sequence {>°_, xﬂ(k)}n is
weakly Cauchy. Equivalently, Y =, is wuC if and only if for each z* € X*

we have Y |z*(z,)] < oo.
Bessaga and Pelczynski tied together wuC series and ¢ [1].

Theorem 4.2. [1] Let X be a Banach space.
(1) A basic sequence {x,}, in X with Y x, wuC and inf, ||z,| > 0 is
equivalent to the unit vector basis of cq.
(2) In order that each wuC series Y x, in X be unconditionally con-
vergent it is both necessary and sufficient that X contains no copy of

Co.
Recall the following well-known facts which we will use in this section.

Fact 4.3. If {x,}, is weakly null and lim,, ||z,|| > 0 and € > 0, then {z,},

has a subsequence which is a basic sequence with basis constant at most 1+¢.

Remark 4.4. (i) Let {z,, =} be a biorthogonal system with ) w,
wuC and lim,||z,|| > 0. If {z,, }, is any subsequence of {z,},,

then ), ,, is wuC and lim||z,, || > 0 so Fact 4.3 tells us {z,, }«
13



has a subsequence {xnkj }; which is basic and inf; HxnkJ | > 0. Then
by Theorem 4.2 {zy, }; is equivalent to the unit vector basis of co.
Thus each subsequence of {x,}, has a further subsequence which is
equivalent to the unit vector basis of ¢y.

(i) (cf. [6]) Let T be a bounded linear operator from ¢y to X and

x, = Te, where {e, }, is the unit vector basis of ¢y. Then for z* € X*
et @a)l =D " (Ten)| = > T (en)] < 00

since T*z* € ¢;. Thus ) x, is wuC. Conversely if )z, is wuC in
X, then define 7" : ¢g — X by T({tn}n) = >, tnn. Then T is well-
defined and has a closed graph so T is bounded. So the bounded
linear operators from ¢y to X correspond precisely to the wuC series
in X.

(ili) Let T': ¢g — X be an isomorphic embedding and {e,},, be the unit
vector basis of ¢y. Since 1" is an embedding there exist constants C'y

and Cy such that for any («v,), € ¢y we have
Cil[(@n)nllee < T ((an)n)ll < Call(an)nlleo-
Then for each n € N
C1 = Chllenlley < ITenllx < Collen]le, = Co

and so {T'e, }, is semi-normalized. By (ii) above, the series > Te,

is wuC.

These ideas help us define our ¢y-biorthogonal system in a very natural

way.

Definition 4.5. A biorthogonal system {x,, z:} in X x X* is called a

co-biorthogonal system if {x,}, is normalized and has a subsequence {zy, };

for which »_; @, is wuC.

Theorem 4.6. The following statements are equivalent.

(1) X contains an isomporphic copy of cq.

(2) There is a bounded cy-biorthogonal system in X x X*.
And in the case that X is separable:

(3) There is a bounded fundamental total co-biorthogonal system

{Tn, i} CX x X"
14



Furthermore, for each € > 0: if (2) holds then the system can be taken to
be (2 + ¢)-bounded; if (3) holds then the system can be taken to be [2(1 +
V2)? + ¢]-bounded and so that [z%] norms X.

n

That (2) implies (1) as well as (3) implies (1) follow from Remark 4.4. That
(1) implies (2) is Theorem 4.7. That (1) implies (3) in the separable case

follows from Theorem 4.9.

Theorem 4.7. If X contains an isomorphic copy of co and € > 0, then there
ezists a (2 + €)—bounded co-biorthogonal system {x,, =} C S(X) x X*.

Proof. Let T : ¢g — X be an isomorphic embedding and ¢ > 0. Let {e;};
be the unit vector basis of ¢y. Then by Remark 4.4 we have ) | i Tejis wuC
and {T'e;}; is semi-normalized. Fact 4.3 gives us a subsequence {T¢;, },, of
{Te;}; that is basic with basis constant at most 1+ 5. Let

Te]-n
Tp = 7.
" ITey,

Note that {z,}, is a normalized basic sequence with basis constant at most
145 and ) w, is wuC. We may pick our biorthogonal functionals accord-

ingly. |

Notice that the proof of Theorem 4.7 gives us a bit more than a cy-biorthogonal
system . It gives us a biorthogonal system {z,, z}} with the entire series
> Zn wuC.

To construct a fundamental total biorthogonal system in the separable

case we need the following lemma.

Lemma 4.8. If Y} is a finite codimensional subspace of X* and € > 0, then
there is a finite codimensional subspace Xo of X that is (2 4 €)-normed by

Ys.
15



Proof. Let X be the pre-annihilator of any finite dimensional subspace of
X* that (1 + ¢)-norms the annihilator of Y. Then for f € S(Xj) we have

sup |y*(f)| = inf [[f —y™|
y*€5(Yo) yrEY;

> inf max lllfll—lly**IL sup I(f—y**)(w*)ll
yrrey| )

0 z*eS(Xg

> inf 1—ly™| . Iyl
inf max |1 — , ——
/y**GYOJ- Y 11e Y

t
= inf max [1 — 1, —}

0<t<oo 1+e¢
1
C2+4¢
So |fll < (24¢) sup |y*(f)| for each f € S(Xy). Thus Xy is (2 + ¢)-
y*€S(Yo)
normed by Y. |

The following theorem will give us a fundamental total c¢o-biorthogonal

system in the separable case.

Theorem 4.9. Suppose X has a subspace isomorphic to co. Let ¢ > 0
and {a,, b5} C X x X*. Then there exists a [2(1 + /2)? + ¢]-bounded co-
biorthogonal system {x,,, =} C X x X* with [a,], C [z,], and [b}], C [2}],

n

Proof. Without loss of generality, [a,|nen and [b}],en are each infinite di-
mensional. Since ¢y < X, by Theorem 4.7, there is a (2 + ¢)-bounded
biorthogonal system {w,, w}} in S(X) x X* with ) w, wuC. Fix a se-
quence {6 }72, of positive numbers decreasing to zero with ), §; < oo.
Again we follow the notation in Definition 3.7. It suffices to find a system
{xn, 25}, in X x X* along with a blocking {J;}72, of N and an increasing

sequence {i, }nene from N satisfying

(a) 25, (Tn) = Omn
(b) flaall < (1+V2) +¢
() llzpll < 2+¢) (1+V2) +e
(d) for each z* € S (X*), if n € Ji, then
2% (2,)] < (24 V2) 6 + (1 + v/2) maxje

(e) [an]ff:l - [fvn]ff’:l

(F) [brlazs C 7]

n=1 "

¥ (wi]. ) |

The construction will inductively produce blocks {z,, xy,},c; . Let o

and xj be the zero vectors. Fix k > 1. Assume that {J;}o<j<r along with
16



{@n, 5},c gp and {in}tnesre have been constructed to satisfy conditions (a)
through (d). Now to construct Ji, along with {z,, z},},c; and {in}nes.
Let

P = [zF]] and Qp = |mn]

nlneJy neJrt
and
ny, = max.J; .
The idea is to find a biorthogonal system {z,, 2;},c; in Pr x Qy by first
finding just one pair {214n,,2],,, } Which helps guarantee condition (e) if
k is odd and condition (f) if £ is even; however, {z14n,,27,,, } Would not

necessarily satisfy conditions (b) through (d) so J? and

{zn, z';kz}nGJ]g )
and {i, }ne Jo are constructed and then the appropriate Haar matrix is ap-

plied to {2,, 23}, to produce {z,, z;}, ; so that

{xVH x;}neJ]f UJk
with {in by sroue satisty conditions (a) through (d).
{ank, 2] +nk} is constructed by a standard Gram-Schmidt biorthogonal
procedure. If k is odd, start in X. Let

Set
Rl4ny, = Qhy — Z ACIEE
n<ny

and for any y7,,, in X* such that yi,, (214n,) # 0,

yr+’nk (Z1+nk)

*
Zl+nk -

If k is even, start in X*. Let

hi, = min {h: b) ¢ [xil]ngnk} .
Set
n<ny
and, for any yy4,, in X such that z{,, (Y14n,) # 0,

yl‘f‘”k - annk $:(y1+nk>xn

Zik+nk (y1+nk)
17
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Clearly zi,,, (214n,) =1 and
Zitn, € Pr and Zin, € 9k -
Find a natural number my larger than one so that
27762 max (|| z1gn, || 2in.]| ) < min(e, &)

and let

Je={1+ng,....,2" +n,} andso J:={24ng....2" +ng}.

Let
]T and ék = 9QrN [zlJrnk]l
Now we find a biorthogonal system {z,, z;},.c Jp along with {in}nese satis-

fying

Pr = Pu 2,

(o 5} €5 (P) x @+ B(Q)) (4.6)
and
ws, — 2o < 6 (4.7)

for each n € J;. Towards this, fix j € J7 and assume that a biorthogonal

system

{ZTM Z;}2+nk<n<j
along with {i,}24n,<n<; have been constructed so that conditions (4.6)
and (4.7) hold for 2 +n; <n < j. Let

N 1
%j - Pkm[ ]2+nk<n<] and yj = ka[z”]2+nk<n<j '

Apply Lemma 4.8 with Yy = ); to get a finite codimensional subspace X
of X that is (2 + %)—normed by V;. Then by Fact 3.4 there exists a natural
number i; > i;_; along with z; € S (X, N X,) such that

d(wij,%]’ N Xo) < HZ] — leH < 5I<:
Since Xy is (2 + %)—normed by Y; there is 27 € S(Y;) such that

1 ot
2re S (=)
Let
* 1 =k
! Zj(ZJ) !
so that 27(z;) = 1 and note that
175l = =7l <2 +e

Z]( Z(z)

This completes the inductive construction of {z,, 2z}, s and {4y, }ne Jo-
18



Now apply the Haar matrix to {2,, 23}, c; to produce {z,, a3}, ;.
With help from the observations in Remark 3.6, note that {z,, 2}, is
biorthogonal and is in P, X Q. Furthermore, for each n in Jy,

Joall < 272 flzim |+ (1+v2) max |z
JEJP

< e+ <1+x/§>

and

* —myg/2 * *
il < 2 et |+ (14 V) ma

< e+ (2+¢) (1+\/§).
If 2 € S (X%)
2" (@a)] < 272z )+ (14 V2) maxienla’ (2)

x*(w%)‘)

N

O + (1 + \/§> max;e je (}x*(zj - wij)‘ +
<o+ (14 V2) maxjesp (3 + [2°(ws,) )
(2 1 \/5) O + (1 + \/§> max;e o

a*(wy,)] -

Thus
{l’n, xz}nEJ]f UJg
with {i, }perouse satisfy conditions (a) through (d). If k is odd, then
[ah]hghk C [In7zl+nk]n€,]£ C [xn]neJ,fUJk )
while if k is even, then
[b;kz]hghk - ['x;;?’zik—i-nk}neJIS C [:C:;]nGJIZUJk '

Clearly the constructed system {z,, x}} -, with the blocking {.J;}2,

of N and the increasing sequence {iy}neno from N satisfy conditions (a)

through (f).
Note that condition (d) tells us that if for each & € N we pick any
nyg € Jg, then for z* € S(X*) we have

S | ()| < <2+ \/§> > o+ (1—|—\/§> ) maxje o
< <2+\/§>26k+ (1+\/§)Z

r*(w, ) ‘

o (wy,)| < oo

J

So Y, Ty, is wuC.
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5. PIECING IT ALL TOGETHER

Inspired by Theorem 2.3 we might try to combine Theorems 3.3 and
4.6 with the Dilworth, Girardi, Johnson ¢; result (Theorem 2.4) to get the
following theorem giving the existence biorthogonal systems in any Banach

space.

False Conjecture 5.1. For any given infinite dimensional Banach space
X there ezists a bounded biorthogonal system {x,, x%} that is one of the

following three types:

(1) a co-biorthogonal system
(2) a wci-stable biorthogonal system
(3) a DP-biorthogonal system.

However, this does not follow directly from the previous results. The trouble
lies in part (3). Theorem 2.3 guarantees us that if X contains no isomorphic
copies of ¢y or ¢, then there is a subspace (say )) of X that fails DP. So
from Theorem 3.3 we get a DP-biorthogonal system {y,, y:} in Y x Y*.
Since {yn}n is weakly null in Y it is also weakly null in X. Unfortunately
the fact that {y}}, is weakly null in }* does not necessarily tell us that if
we extend each ¥ to x¥ € X*, then {z} }, is weakly null in X*. Another way
to see that part (3) is not correct is to notice that DP does not necessarily
pass to closed subspaces. Since it is a C'(K) space, {4, has DP; however /5
does not have DP. So if part (3) were correct it would say that ) failing DP
implies X fails DP, which is false. We recall the following related property.

Definition 5.2. A Banach space X has the hereditary Dunford-Pettis prop-
erty (DP},) if every closed subspace of X has the Dunford-Pettis property.

For detailed discussions of DPj, see [2, 3, 5]. In 1987 Cembranos gave

the following useful characterization of DPy, .

Theorem 5.3. [3] A Banach space X has DPy, if and only if every normal-
1zed weakly null sequence in X has a subsequence which is equivalent to the

unit vector basis of cy.

In 1989 Knaust and Odell [9] gave a quantitative improvement of this result
by showing that the equivalence is uniform for all normalized weakly null
sequences. Using the hereditary Dunford-Pettis property we can restate

Theorem 2.3.
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Restatement 5.4. Fvery infinite dimensional Banach space, X, contains

a subspace isomorphic to ¢y, a subspace isomorphic to €1 or X fails DP;, .

In light of this restatement we see that a biorthogonal system characteriza-

tion of DPy, is in order. Theorem 5.3 will give it to us.

Definition 5.5. A biorthogonal system {z,, z:} in X x X* is called a
DPy,-biorthogonal system if {x,}, is semi-normalized, weakly null and for

any subsequence {z,. }; the series > .z, is not wuC.
i 7 J J

Theorem 5.6. A Banach space X fails DPy if and only if for each € > 0
there is a (2+¢)-bounded DPy,-biorthogonal system {z,,, x5} in S(X) x X*.

Proof. (=) Suppose X fails DP;, and ¢ > 0. Then Theorem 5.3 gives us
a normalized weakly null sequence {x,}, with no subsequence equivalent
to the unit vector basis of ¢o. Without loss of generality {z,}, is a basic
sequence with basis constant at most 2 + . Now if for some subsequence
{n, }; we have >, x,; wuC then Theorem 4.2 tells us that {z,, }; is equiv-
alent to the unit vector basis of ¢y, which is a contradiction. Since {z,},
is basic with basis constant at most 2 4+ ¢, we may pick a sequence of bior-
thogonal functionals {z}, C (24 ¢) B(X*).

(<) Suppose there exists such a biorthogonal system {z,, z}}. If X
has DPj, then Theorem 5.3 gives us a subsequence {w,, }; of {z,}, that is
equivalent to the unit vector basis of ¢y. But then we would have i T,

wuC which is a contradiction. [ |

Finally, putting this together with Theorems 3.3 and 4.6 and the Dil-

worth, Girardi, Johnson ¢; result we get a correct theorem..

Theorem 5.7. For any given infinite dimensional Banach space X there
exists a bounded biorthogonal system {x,, x%} that is one of the following

three types:

(1) a co-biorthogonal system
(2) a wci-stable biorthogonal system

(3) a DPy-biorthogonal system.

Note that this theorem confirms the importance of ¢y in infinite dimen-
sional Banach spaces. The presence of a cp-biorthogonal system {z,, x}
in X gives us a part of X which is particularly cy-rich in the sense that [z,]
is isomorphic to ¢y by design and, of course, the same is true for any subse-

quence {7, }32;. On the other hand, the existence of a DP;-biorthogonal
21



system {z,, x}} in X would signify a part of X is completely lacking in ¢

subspaces. In particular, [x,] is not isomorphic to ¢y and the same is true

for any subsequence {x,;}32, since » ¥, is not wuC. In the third case if X

has a wci-stable biorthogonal system {z,, x!}, then [z,] is not isomorphic

to

co since the proof in [7] yields that [x,] ~ ¢;.

It would be interesting to see what this interpretation of Theorem 5.7

yields in terms of other properties and structures that have been charac-

terized using ¢y. For instance, can we say anything about the existence of

spreading models or nice (resp. not very nice) operators on the space?

10.

11.

12.

U.
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